Abstract. We prove the K-and L-theoretic Farrell-Jones Conjecture with coefficients in an additive category for every normally poly-free group, in particular for even Artin groups of FC-type, and for all groups of the form A ⋊ Z where A is a right-angled Artin group.
Introduction
Recently, Bestvina, Fujiwara, and Wigglesworth proved the Farrell-Jones Conjecture for free-by-cyclic groups where the free group has finite rank [6] . The purpose of this note is to extend their result and to allow the free group to have infinite rank. More generally, we will deal with all normally poly-free groups. Recall that a group G is called normally poly-free if it admits a chain of subgroups 1 = G 0 ≤ G 1 ≤ · · · ≤ G n−1 ≤ G n = G, such that each G i is normal in G and G i /G i−1 is a free group of possibly infinite rank. Our main theorem can be stated as follows.
Theorem A. The K-and L-theoretic Farrell-Jones Conjecture with finite wreath products and coefficients in an additive category is true for normally poly-free groups.
For more information about the Farrell-Jones Conjecture with finite wreath products and coefficients in an additive category (which we will abbreviate to FJCw) we refer to [24, Section 2.3] .
Normally poly-free groups have two related families. The more classical one is the family of poly-free groups, where each G i is only required to be normal in G i+1 . The second one, defined by Aravinda, Farrell, and Roushon [1] , consists of strongly poly-free groups, which are normally poly-free and where each quotient G i /G i−1 is a free group of finite rank, such that the conjugation action of G/G i−1 on G i /G i−1 can be realized by some surface homeomorphism. Aravinda, Farrell, and Roushon showed that FJCw holds for all strongly poly-free groups. As a corollary, they proved the conjecture for pure braid groups.
Thus one might expect that our theorem can be used to verify the Farrell-Jones Conjecture 
Artin groups.
We give a quick review of Artin groups, see [17] for more information.
An Artin group (or generalized braid group) A is a group with a presentation of the form
where m i, j = m j,i ∈ {2, 3, . . . , ∞}, i < j, and for m i, j ∈ {2, 3, . . . }, x i , x j m i, j denotes an alternating product of x i and x j of length m, beginning with x i . For example Given an Artin group with the above presentation, one further obtains a Coxeter group W by adding the relation x 2 i = 1 for all i. We say that the Artin group A is of spherical type if the associated Coxeter group W is finite.
Given a subset T of {x 1 , x 2 , · · · , x n }, we denote by A T (resp. W T ) the subgroup of A (resp. W T ) generated by T , and by Γ T the full subgraph of Γ spanned by T . Here each edge of Γ T is labeled with the same number as its corresponding edge of Γ. The group W T is the Coxeter group of Γ T [8] , and A T is the Artin group of Γ T [22] . Now a subset T of {x 1 , x 2 , · · · , x n } is called free of infinity if m s,t ∞ for all s, t ∈ T . We say that the Artin group A is of FC-type if A T is of spherical type for every free of infinity subset T of the generating set {x 1 , x 2 , · · · , x n }.
FJCw for normally poly-free groups
In this section we prove that FJCw holds for normally poly-free groups.
Lemma 2.1. Let G be a group and f be an automorphism of G. If the semidirect product G ⋊ f Z satisfies FJCw, then for every subgroup H of G, the HNN-extension
Since G H is an HNNextension, it acts on the corresponding Bass-Serre tree T with vertex stabilizers all conjugate to G. Now the kernel of q as a subgroup of G H also acts on T . Moreover, it acts on T with trivial vertex stabilizers since q maps the vertex stabilizer G (and every conjugate of G) injectively into G ⋊ Z. Hence the kernel of q is a free group, which satisfies FJCw. Now given any infinite cyclic subgroup C of G ⋊ Z, if C does not lie in G ⋊ 0, then q −1 (C) again acts freely on T . Hence q −1 (C) is also a free group in this case. On the other hand, if q −1 (C) ≤ G ⋊ 0, then q −1 (C) acts on T with cyclic stabilizers since q restricted to G is injective (hence q restricted to any vertex stabilizer is injective). Thus q −1 (C) is the fundamental group of some graph of cyclic groups. By Theorem 1.1 (7), the group q −1 (C) satisfies FJCw. Now since G ⋊ f Z also satisfies FJCw, Theorem 1.1 (4) implies that G H satisfies FJCw.
Note that the same proof also shows the following proposition, which might be of independent interest. Proof This follows from the fact that G × Z also satisfes FJCw.
In order to extend the Bestvina-Fujiwara-Wigglesworth result from finite rank free-bycyclic groups to the infinite rank case, we need the following theorem. We are now ready to prove the following.
Theorem 2.5. Let F be a (countable) free group of infinite rank and f an automorphism of F. Then the group G = F ⋊ f Z satisfies FJCw.
Proof Assume the free basis of F is {x 1 , x 2 , . . . , x i , . . . , } and denote the subgroup generated by {x 1 , x 2 , . . . , x n } by F n . Given i > 0, let n i ≥ i be the smallest natural number such that f (x j ) is contained in the subgroup F n i for every 1 ≤ j ≤ i. Let
be the restriction of f to F i . Now let G i be the corresponding HNN-extension of F n i , i.e.
Notice that G is a colimit of G i . So by Theorem 1.1 (3), we only need to show that each G i satisfies FJCw. Now letF i be the free subgroup of F generated by {x i+1 ,
Since f is an automorphism of F, we also have F = f (F i ) * f (F i ). Now F n i is a subgroup of F and f (F i ) ≤ F n i , and so by Theorem 2.4 there is a subgroup C i of F n i such that
Notice that C i is a free group of rank n i − i. Choosing a free basis of C i , we can now complete the injection map f i : F i → F n i to an automorphism of F n i by mapping the remaining basis elements x i+1 , · · · , x n bijectively to the basis of C i . Denoting the map byf i , we have a free-by-cyclic group F n i ⋊f i Z which in particular satisfies FJCw. By Lemma 2.1, the groups G i also satisfy FJCw for every i.
Proof of Theorem A. Recall a group G is called normally poly-free if it has a chain of
is a free group of possibly infinite rank. We prove FJCw for G by induction on the length n. Suppose FJCw is true for all normally poly-free groups of length n − 1. We have the following short exact sequence for G:
Now G/G 1 has length n − 1 and satisfies FJCw by induction. Thus by Theorem 1.1 (4), we only need to show that for every infinite cyclic subgroup C in G/G 1 , the group q −1 (C) satisfies FJCw. But since G 1 is a free group, the group q −1 (C) is free-by-cyclic. And now by Theorem 2.5, q −1 (C) satisfies FJCw.
FJCw for RAAG-by-cyclic groups
In this section we prove FJCw for RAAG-by-cyclic groups. We first need some discussions about RAAGs and their automorphisms and refer to [4] for more details. In the sequel, given a subgroup B ≤ A Γ and an element g ∈ A Γ , we will denote the conjugate of B by g by B g .
be a standard equivalence class of V(Γ). The normal closure ⟪A T ⟫ of A T in A Γ is given by the free product ⟪A T ⟫ = * g∈X A g T * F, where F is a free group and X is a system of coset representatives of ⟪A T ⟫\A Γ /A st [v] Proof The group A Γ decomposes as an amalgamated product 
where F is free and X is a system of coset representatives of ⟪A T ⟫\A Γ /A st [v] .
which finishes our proof. Proof We begin with ⟪A T ⟫. Abelianisation gives us a map p :
image is abelian and hence satisfies FJCw. Its kernel is given by ⟪A T ⟫, ⟪A T ⟫ . By BassSerre theory, the commutator subgroup of a free product of free and free abelian groups is a free group and hence satisfies FJCw. Using Theorem 1.1 (4), we need to verify that for every infinite cyclic subgroup C of ⟪A T ⟫ ab , the preimage p −1 (C) also satisfies FJCw.
However, such a preimage is a free-by-cyclic group and thus satisfies FJCw by Theorem A.
The argument for ⟪A T ⟫ ⋊ Z is almost identical: Abelianisation induces a surjective map
Its image is solvable, its kernel is again the free group ⟪A T ⟫, ⟪A T ⟫ and for every infinite cyclic subgroup C of ⟪A T ⟫ ab ⋊ Z, the preimage q
is free-by-cyclic.
By the work of Laurence [16] and Servatius [21] , the group Aut(A Γ ) is generated by automorphisms of the underlying graph Γ together with three kinds of automorphisms which are commonly called transvections, inversions and partial conjugations. Let Aut 0 (A Γ ) be the subgroup generated by all the transvections, inversions and partial conjugations of Aut(A Γ ) (but not the graph automorphisms). This is a finite-index subgroup of Aut(A Γ ) and it has the property that whenever T = 
